This paper provides sufficient conditions for global asymptotic stability and global exponential stability, which can be applied to nonlinear, large-scale, uncertain discrete-time systems. The conditions are derived by means of vector Lyapunov functions. The obtained results are applied to traffic networks for the derivation of sufficient conditions of global exponential stability of the uncongested equilibrium point of the network. Specific results and algorithms are provided for freeway models. Various examples illustrate the applicability of the obtained results.
Introduction
The purpose of the present paper is three-fold:
• to provide sufficient conditions for Global Asymptotic Stability (GAS) and Global Exponential Stability (GES), which can be easily applied to nonlinear, large-scale, uncertain discrete-time systems; • to apply the aforementioned sufficient conditions to traffic networks and obtain conditions, which guarantee the GES of the uncongested equilibrium point; • to study the stability properties of freeway models and obtain easily checkable conditions which guarantee the GES of the uncongested equilibrium point.
Vector Lyapunov functions are particularly useful to large-scale discrete-time systems. Sufficient stability conditions by means of vector Lyapunov functions have been proposed in [9] . More recently, small-gain conditions have been proposed in [17] , which can be expressed by means of a vector Lyapunov function formulation (as shown in [11] ). In this work, we propose a set of conditions expressed by means of vector Lyapunov functions, which guarantee GAS and GES (Theorem 2.3) and can be applied easily to nonlinear, large-scale, uncertain discrete-time systems. The basis for the applicability is the expression of the stability condition by means of a condition on the spectral radius of a nonnegative matrix. Therefore, we can apply recent results on nonnegative matrices that provide upper bounds for the spectral radius (see [3] ). The stability notions used in this work are the standard stability notions for discrete-time systems used in [9, 10, 11, 13 ], but we also allow the discrete-time, uncertain system to be defined on a subset of a finite-dimensional space. Discrete-time systems defined on a subset of a finite-dimensional space were studied in [23] .
In particular, the traffic network structures and problems that can be considered as special cases of the proposed network model include: urban road networks consisting of interconnected links which are modelled as store-andforward components [1] or cell-transmission links [4] ; large urban networks consisting of smaller homogeneous subnetworks which are modelled by use of individual NFD (network fundamental diagrams) [2] ; freeway stretches or networks consisting of series of links which are modelled via the discretized LWR (Lighthill-Whitham-Richards) model [14] or its simplified CTM (Cell Transmission Model) version [6] ; freeway stretches or networks consisting of appropriately interconnected lane-segments which provide a basis for modelling (partially) automated highway traffic [21] ; large mixed (corridor) networks consisting of urban and freeway links [19] . As a matter of fact, the same generic approach may also be used for modelling water networks consisting of interconnected links which are modelled by discretized versions of the Lighthill-Whitham model [16] , see [5, 18] . Our main related result (Theorem 3.1) provides explicit formulas for the elements of a specific nonnegative matrix whose spectral radius is critical for the GES of the uncongested equilibrium point of the traffic network. Therefore, our results can be used in a straightforward way for the determination of the stability properties in a given traffic network within this general framework (see Example 3.3).
The obtained results are next specialized to the case of a freeway stretch (Section 4). As mentioned, the overall model in this constellation consists of a series of subsequent segments (cells) and is very similar to (but more general than) the known first-order discrete Godunov approximations (see [7] ) to the kinematic-wave partial differential equation of the LWR-model (see [16, 20] ) with nonlinear ( [14] ) or piecewise linear (CTM, [6] ) outflow functions. However, the presented framework can also accommodate recent modifications of the LWR-model as in [15] to reflect the so-called capacity drop phenomenon. Our main related result (Corollary 4.4) provides an easily implementable algorithm for the determination of the stability properties of the uncongested equilibrium point of the freeway stretch. The results are different from other results in the literature on the Cell Transmission Model (see [8] ), since our model is more general than the Cell Transmission Model and our methodology is completely different from the methodology used in [8] . . When all elements of the matrix n n A × ℜ ∈ are non-negative, then we say that the matrix A is non-negative and we write
, i.e., the largest integer k that satisfies .
In order to develop the Vector Lyapunov Stability criteria we need the notion of a trapping region. A nonlinear system with a trapping region is a system for which all solutions enter a specific set after an initial transient period (for continuous-time systems without inputs the name "global uniform ultimate boundedness" is used in [12] when the corresponding set is compact; the term "dissipative system" is used in the literature of continuous-time dynamical systems with compact corresponding sets; see [23] and the discussion on page 22 of the book [24] ). 
A direct consequence of Definition 2.1 is that every trapping region for (2.1) must contain the equilibrium point S x ∈ * . We next define rigorously the robust stability notions used for system (2.1). 
When the system is free of disturbances then we omit the adjective "Robust" and we say that an equilibrium point is Globally Asymptotically Stable (GAS) or Globally Exponentially Stable (GES).
We are now ready to state the main result of the section. 
Moreover, suppose that the spectral radius ( )
RGES for system (2.1).
Since the matrix
involved in the statement of the Theorem 2.3 is non-negative, there are effective computational tools, which can guarantee that its spectral radius is less than 1 (see [3] ). 
, γ is less than 1. The above conditions can be used for largescale systems easily.
(arbitrary) be given and consider the solution ) (t x of (2.1) with initial condition
be the smallest non-negative integer for which it holds that A t x ∈ ) ( for all m t ≥ (the fact that j exists and satisfies } ,..., 0 { m j ∈ is a direct consequence of the fact that S A ⊆ is a trapping region for system (2.1).
We next show that there exists a function For the general case, we define:
is a locally bounded mapping. Continuity of 
, γ is less than 1, it follows that there exist
(see [22] ). Next define: 
Using (2.4) and (2.14), we get: 
The reader should notice that we have used the fact that in this case (2. 
which directly implies that S x ∈ * is RGES for system (2.1). The proof is complete.
Example 2.4:
Consider the large-scale discrete-time system 
is the tridiagonal matrix defined by means of the formulae: 
is exactly the Courant-Friedrichs-Lewy condition for the stability of the finite difference numerical scheme for the heat equation (see the discussion on pages 206-208 in [13] ).
Global Stability Results for Traffic Networks
This section is devoted to the derivation of sufficient conditions that guarantee RGES for the equilibrium point of a traffic network. We consider a traffic network which consists of n components. 
Each component of the network has capacity
). Our first assumption states that the inflow of vehicles at the component } ,..., 1
, cannot exceed the number of free positions for vehicles of component } ,..., 1
is the attempted inflow of vehicles at the component } ,..., 1
Our second assumption is dealing with the attempted outflows and inflows. We assume that there exist functions
, where
We also assume that:
In other words the total attempted outflow from component } ,..., 1
of the network to another component of the network (or to regions out of the network) are constant proportions of the total attempted outflow from component } ,..., 1
. In traffic terminology, j i p , are turning rates at network-internal bifurcations, while i Q are exit rates.
from the region out of the network. Our assumptions lead us to the following equations:
Equations (3.2) and (3.6) imply that the percentage of the attempted inflow of vehicles at the component } ,..., 1
, which becomes actual inflow of vehicles at the component } ,..., 1
is given by:
Our final assumption relates the actual inflows with the outflows. We assume that the actual inflows from one component of the network (or from regions out of the network) to component } ,..., 1 { n i ∈ of the network are equal percentages of the corresponding attempted inflows, i.e. 
Moreover, we assume that the actual flow of vehicles from component } ,..., 1 { n i ∈ to regions out of the network is equal to the corresponding attempted flow of vehicles, which implies that there are no shock waves mounting from downstream and reaching the network exits. Thus, the actual outflow 0
of the network is given by:
Combining equations (3.1), (3.2), (3.6), (3.7) and (3.10) we obtain the following discrete-time dynamical system:
, it follows that (3.11) is an uncertain dynamical system on
We further assume that the uncertain dynamical system (3.11) has an equilibrium point. Specifically, we assume that:
If we define the vector field
, then conditions (3.12), (3.13) can be written in vector form:
and consequently we get
is the so-called uncongested equilibrium point of the network. As mentioned in Section 1, the presented modeling framework is general enough to include several diverse kinds of network models and problems as special cases.
We are now in a position to state and prove the following theorem.
Theorem 3.1: Consider system (3.11) under assumption (H). Assume that there exist constants
… is a trapping region for system (3.11) . Moreover, assume that there exists a constant 0 ≥ L such that the following inequalities holds for all n i ,..., 1 = :
Furthermore, assume that there exist constants
for n i ,..., 1 = and assume that 
and the dynamical system (3.11). Since the inequality
holds for all A x ∈ and since (3.15) implies the condition
it suffices to show that (2.3) holds for all A x ∈ , n i ,..., 1 = .
The rest part of proof is devoted to the proof of (2.3).
Indeed, using (3.21) we get for all ).
Continuity of the mapping
as well as the fact that the mapping
provided that the following inequality holds:
. If inequality (3.25) does not hold, then we must have
Indeed, this observation follows from the fact that
(a direct consequence of (3.13), (3.18)) and the fact that 1 ≤ 
The above inequality holds when (3.25) holds as well. Using the above inequality in conjunction with (3.24), we obtain for all 
Finally, using definitions (3.21), the fact that
for n i ,..., 1 = and the fact that 0 , = i i p , we obtain (2.3).
The proof is complete. 
are constants. Finally, we assume that all functions
are constants. Note that the lower part of the right-hand side of (3.31)
allows for the modeling of capacity drop at the outflow of congestion according to [15] . The network has the (uncongested) equilibrium point 
can be selected in an appropriate way so that the spectral radius of Γ is minimized.
Fig. 1:
The traffic network of Example 3.3
, the selection 14 . 
Global Exponential Stability Results for Freeways
A freeway divided in 3 ≥ n sections or cells, each with one on-ramp and one off-ramp, is a traffic network of the form (3.11) with
, we obtain from (3.5) and (3.11) the model:
If we further suppose that
, the model (4.1), (4.2), (4.3) becomes the following disturbance-free model: . The following corollary is a direct consequence of Theorem 3.1 (although Theorem 3.1 was applied to the model (3.11) which required 0
, all arguments in the proof of Theorem 3.1 can be repeated). 
… is a trapping region for system (4.4) , (4.5) , (4.6) . Moreover, assume that there exists a constant 0 ≥ L such that the following inequalities hold for n i ,..., 1
Furthermore, assume that there exist constants is GES for the disturbance-free system (4.4) , (4.5) , (4.6) . . However, we can generate "smaller" trapping regions by means of the following propositions. 
Proposition 4.2: Suppose that that there exist constants
i i i a c b ≤ < ≤ 0 ( n i ,..., 1 = ) such that the set ] , [ ] , [ ] , [ 2 2 1 1 n n c b c b c b A × × × = … is a
Proposition 4.3: Suppose that there exist constants
… is a trapping region for system (4.4) , (4.5) , (4.6) 
be a constant such that one of the following implications hold: 
Consequently, the following property holds:
. We claim that the solution ) (t x of (4.4), (4.5), (4.6) with arbitrary initial condition 
. It follows from definition ( ) 0 ) ( max : Consider system (4.4) , (4.5) , (4.6) Step i n − +1 , where
Step 
Step
Furthermore, assume that there exist constants , where:
• ( ) The results of this example show that the sufficient conditions of Corollary 4.4 are virtually exact in this case. However, in general, it is expected to have a trade-off between the goal of obtaining easily checkable sufficient conditions for GES and the reduction of conservatism.
Concluding Remarks
Sufficient conditions for GAS and GES have been given, by means of vector Lyapunov functions. The conditions can be applied to nonlinear, large-scale, uncertain discrete-time systems. The obtained results were applied to traffic networks for the derivation of sufficient conditions of GAS of the uncongested equilibrium point of the network. Specific results and algorithms were provided for freeway models. Various examples illustrated the applicability of the obtained results.
The results of the present paper can be used for different purposes for future research:
• for the derivation of feedback laws which stabilize the uncongested equilibrium point,
• for the study of the dynamic behavior of traffic networks under the effect of external disturbances (varying inflows),
• for the study of more complicated freeway models divided in 3 ≥ n cells, each with one on-ramp and one off-ramp.
All the above topics can give important results for transportation and traffic theory.
